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Introduction
The use of high strength, lightweight carbon fibre reinforced plastic (CFRP) composites in renewable energy devices is growing steadily due to their superior anti-corrosion properties and the long-term fatigue performance [1, 2] . According to the UK Engineering Integrity Society [3] , a record of 22% of the UK's electricity supply was generated by wind. In other EU countries such as Germany, Spain and Denmark the record is approximately double. For many commercial CFRP composites, the longitudinal tensile strength can be five times higher than stainless streel with only one-fifth of its density. Besides the benefit of weight savings, it is possible to construct a rather huge structure for the renewable energy devices, such as the next-generation turbine blade.
In practical composite structures, the composite materials are subjected to complicated loading conditions, such as bending, tension, compression and twisting. A recent report of 3D FEA analysis [4] has demonstrated that all of the six stress components ( ij i τ σ , ) contribute to the failure criterion of CFRP composites, particularly the initiation of failure in bending. However, most of the previous studies on composites are based on equal compressive/tensile moduli, which may lead to either overestimate or underestimate the composite strength. The effects of unequal compressive/tensile moduli on the failure criterion of composites have not been reported.
Due to the fibre misalignment and manufacturing defects, the compressive modulus of long fibre composites is reasonably not expected to be equal to the tensile modulus [5] [6] [7] [8] [9] . This becomes important in flexural behaviour because the composites are under both compression and tension. A laminate with unequal moduli may not behave symmetrically in bending, such as the stress and strain distributions through-thickness, even though the layup is symmetric. Therefore, for many classical theories, such as Classical Beam Theory (CBT) and Classical Laminate Theory (CLT), the compressive modulus should be introduced in order to eliminate the unequal terms.
Several papers have described work to modify CBT in the flexural test for fibre reinforced plastic composites. Chamis [10] [11] [12] used continuum mechanics to derive the formula of maximum deflection in three-point bending using unequal compressive and tensile moduli. Zhou and Davies [13, 14] used statistical methods and assumed a higher compressive modulus to characterize the failure mechanics of thick glass woven roving/polyester laminates. Mujika et al. [15, 16] used strain gauges to determine the compressive and tensile moduli of unidirectional laminates by measuring the compressive strain and tensile strain at the top and bottom surfaces of specimens in three-point and four-point bending. However, the effects of unequal moduli on the flexural properties and the failure strength of multidirectional filament laminate composites have not been well understood.
In the present work, the compressive modulus is assumed to be a fraction lower than the tensile modulus based on the statistics of current commercial CFRP composites. The effects of unequal compressive/tensile moduli on composites are investigated: (a) the composite failure criterion, particularly Tsai-Wu failure criterion, (b) a modified CBT for the flexural properties of unidirectional laminate and its failure mechanisms, (c) a modified CLT for the flexural properties of multi-directional laminate, and (d) fibre micro-buckling. Three research approaches are used in parallel: (a) Finite Element Analysis (FEA) is employed to investigate the stress and strain distributions within the laminates for the identification of the maximum critical strains and stresses, (b) CLT is applied to extract the flexural modulus and strain/stress distributions of multi-directional laminate with different stacks, and (c) experiment is carried out to provide the sufficient evidence to support this study.
Background
Considering the loading condition and possible micro-scale structural defects in long fibre reinforced plastics composites, the compressive modulus is likely to be different from the tensile modulus. This will be more obvious in CFRP than GFRP composites since the diameter of carbon fibre is normally smaller than that of glass fibre. It is well-known that the smaller diameter of carbon fibre performs higher tensile strength. However, according to the Euler beam theory, a beam with smaller cross-section also tends to be unstable (buckling) which may lead to lower compressive strength. This is the dilemma in composite manufacturing. [19] . The values were measured at 75°F (23°C), and normalized to Table 1 , there are ten commercial CFRP composites and their ratios of compressive/tensile moduli are very close. For these CFRP composites, the average ratio of compressive modulus to tensile modulus is around 0.9. In fact, with the increase of statistical specimens, the standard deviation decreases and the coefficient of variation has a tiny drop from 5.8% to 4.6%, as shown in Fig. 1 . The actual value depends on the volume fraction of fibres and the manufacturing process. The ratios of compressive/tensile strengths are also included in the statistics, and the average value presents around 60%-70%.
For the convenient expression, a parameter is introduced to indicate the ratio of longitudinal compressive modulus to tensile modulus, respectively. For a typical FRP composite, the diameters of carbon fibre and glass fibre are 7 µm and 25 µm respectively; therefore, the GFRP composites present relative higher λ value. There are two possible reasons of lower compressive modulus and compressive strength in CFRP which are inevitable in the manufacturing process: the fibre misalignment and void content. Employing the microscope image of the cross-section of unidirectional laminate, it is possible to do the statistics of fibre misalignment. Fig. 2 gives an indirect approach to measure the misalignment angle in a long fibre laminate. If it is assumed that the fibre is perfectly circular, the project of the fibre cross-section on horizontal plane is an ellipse, and the misalignment angle could be calculated by the ratio of short/long radius, ) / ( sin ). The laminate was hand-layup and autoclave-cured at a vacuum bag with a step of 3°C/min elevated temperature, and was dwelled at 180°C for two hours following cool-down at room temperature. The distribution of misalignment angles show a good fit to normal distribution (Gaussian distribution),
where 0 µ and 0 σ are the parameter of expectation and standard deviation respectively. For HTS-12K/977-2 unidirectional laminate 03
In Fig. 3 , it can be seen that the misalignment angle can extend up to ±6°. Although the spectral density of these angles is very small, the compressive failure may well initialize from these fibres and propagate through the whole laminate, and as a consequence the compressive strength is expected lower than tensile strength.
Failure criterion
It has been shown that unequal compressive/tensile moduli of the CFRP composites commonly exist and the average λ value is 0.9 with very small coefficient of variation. It means that the ultimate compressive strain of CFRP composites is underestimated by traditional failure criteria. Therefore, strain dominated failure criteria could more generally reflects the real conditions, and the failure envelop should be presented in strain space rather than stress space.
Tsai-Wu failure criterion [20] , which includes compressive terms, is used in the present work to illustrate the effects of unequal compressive/tensile moduli of CFRP composites, The criterion is quadratic and is expressed in stress space. In fact, most of the current failure criteria are expressed in stress space. Tsai-Wu failure criterion can be transformed to strain space by applying the relationship of extensional stiffness matrix [20] , 
Tsai-Wu failure criterion is fully defined in strain space by equations (4) (5) (6) (7) (8) . According to Tsai's invariant-based theory [21] , a transformation can be applied on the strain envelop to define the rotated strain envelops of all ply orientations, 4 shows the failure envelops of T800/Cytec in strain space with some particular ply orientations (0°, 15°, 30°, 45°, 60°, 75°, and 90°). The properties are given in Table 2 . Fig. 4 , the failure envelops were determined using equal compressive/tensile moduli (λ=1). The failure envelops of different ply orientations construct a minimum shape, which was proposed as 'omni envelop' by Tsai's invariant theory [21] . It represents the first-ply-failure of a given composite for all ply orientations. Regardless of the ply orientation, the composite material is safe when the strain falls into this omni envelop.
In Table 1 and Fig. 1 , it has been shown that the λ value of most of the CFRP composites is between 0.8 and 1. Fig. 5 shows the omni envelops of T800/Cytec and T700/C-Ply 55 with three λ values: 0.8, 0.9 and 1. It can be seen that, for both the two CFRP composites, the λ value has no effect on the omni envelop in the first quadrant ( ) 
Unidirectional laminate
The terms of compressive modulus can be introduced into a modified CBT to investigate the mechanical behaviour of unidirectional laminate. Unidirectional laminate could provide both highest longitudinal modulus and strength of a given composite material. It has been widely used as the main frame of composite structures, such as wind turbine blade. In practice, the composite laminates are subjected to complicated loading rather than uniaxial force. Flexural behaviour, which includes tension, compression and shear, is normally used to evaluate the properties of composite laminates.
For a unidirectional laminate under bending, the neutral plane will have an offset to the bottom side due to the lower compressive modulus, as shown in Fig. 6 . According to the principles of continuum mechanics [22] , one can get the relationship between the compressive modulus, tensile modulus and apparent flexural modulus of the unidirectional laminate as described in Appendix A: Equations (11) (12) (13) (14) indicate that the apparent flexural modulus falls in between the compressive modulus and tensile modulus, and the neutral plane shifts to the side with higher stiffness. It is convenient to obtain the tensile modulus either through tensile test or calculation by rules of mixture, using fibre volume fraction, fibre tensile modulus and matrix modulus. However, the compressive modulus is much more dependent on the manufacturing process. The variation of compressive modulus may have different effects on different type of composites, which has been shown in the previous sections. Equation (13) gives the offset (s) of the neutral plane to the mid-plane. For example, with the average λ value of CFRP composites (λ =0.9), the offset can be a quarter ply-thickness in a 16-ply unidirectional laminate or a half ply-thickness in a 32-ply laminate. The effects of unequal compressive/tensile moduli become more and more significant with the increase of laminate thickness.
If it is assume that the bending curvature through-thickness is a constant, the ratio of maximum compressive strain on the top surface to maximum tensile strain on bottom surface can be evaluated as,
The ratio of maximum compressive stress on the top surface to maximum tensile stress on the bottom surface is given by: Equations (15) (16) indicate that the maximum compressive strain (top surface) is higher than tensile strain (bottom surface), but the maximum tensile stress is higher than maximum compressive stress. The higher compressive strain may lead to microbuckling and compressive failure, particular in thick laminates. For example, if λ=0.8, the maximum compressive strain may be 12% higher than the maximum tensile strain. Therefore, it is more reasonable to plot the failure criteria in strain space, as has been discussed in previous section.
Multi-directional laminate
The terms of compressive modulus can also be introduced into a modified CLT to investigate the mechanical behaviour of multi-directional laminate. Multi-directional laminate has been used in complicated composite structures to provide variety of performance. In order to make the composite laminate self-balance, the most common multi-directional composite laminates are symmetric layup, and the middle two plies are the same ply orientations.
In the previous section, the offset of neutral plane is less than one ply-thickness. It is reasonable to make a sandwich assumption to simplify the multi-directional laminate. Consider a multi-directional laminate made of N plies ( N is even number), the upper ( )
plies are treated as a compressive sheet, and the lower ( )
plies are treated as a tensile sheet, while the middle two plies are regarded as core material. Fig. 7 gives an illustration of this sandwich structure.
In such a sandwich structure, the compressive modulus is applied for the ( ) 1 2 / − N compressive plies, while the tensile modulus is applied for the ( ) 1 2 / − N tensile plies. Due to the symmetric geometry, the two core plies have the same ply orientations. In order to estimate the elastic modulus of the compressive and tensile sheets, their stiffness matrices should be assembled first. The deviation is shown in Appendix B. Once the ABBD matrix is assembled, inverting the matrix gives the compliance matrix:
Applying the compressive modulus into the abbd matrix of the compressive sheet, tensile modulus into the abbd matrix of tensile sheet, the apparent moduli in compressive sheet and tensile sheet can be obtained by: 
where t 1 is the thickness of ( )
Because the core only contains two plies, it has tiny effect on the total properties of the laminate. Its apparent modulus can be obtained by applying compressive modulus on the upper ply and tensile modulus on the lower ply, For the purpose of comparison, the apparent flexural modulus of the whole laminate is also evaluated by CLT [23] ,
Applying the bending moment, the curvature at a given point on the composite laminate can be obtained, and then the distribution of strain through-thickness can be calculated. For example, the 3-point bending curvature at loading point is calculated as,
where F is the applied flexural force, L is the span and w is the width of the laminate.
The maximum value of compressive strain and tensile strain appear on the top and bottom surfaces at the loading point: 
In equation (22), the maximum strains in the multi-directional laminate are determined by 11 d and s, which depend on the layup sequence and the ratio of compressive modulus to tensile modulus λ. Subsequently, the compressive stress and tensile stress of laminate are determined by the ply orientations at any particular area. 
The FEA and CBT/CLT models were built based on ISO standard [24] . The laminate dimension is defined as 100 mm×15 mm×2 mm, and the span is 80 mm. The FEA solution was solved by ANSYS ACP (ANSYS Composite Prepost) [25] , while the CBT and CLT models were solved by MATLAB [26] . ANSYS ACP is a pre-and post-processor integrated in ANSYS Workbench, which defines the composite layup and transfers the material properties to the main ANSYS solver. The apparent flexural modulus evaluated by CBT/CLT and FEA were quite different between unidirectional laminate and multi-directional laminate, as shown in Table 3 . This is because the top and bottom plies are longitudinal orientation in multi-directional laminate which withstand higher bending load.
For the two laminate layups (16 plies), both the FEA and CBT/CLT models give a similar trend that the maximum compressive strain represent about 5% higher than tensile strain when λ=0.9, and the neutral plane has a quarter ply-thickness offset to the bottom side. In the practical composite structures, the ply number might be far away 16 plies and these effects would be much more significant.
Fibre microbuckling
It has been shown in previous sections that the compressive strain is commonly higher than tensile strain when composites are subjected to bending. The higher compressive strain can increase the risk that the carbon fibres fail by microbuckling. Due to the manufacturing defects, the carbon fibres in unidirectional lamina (0°) are not perfectly aligned, typically a 2°-3° fibre misalignment as shown in Fig. 3 , and the compressive failure is mostly due to fibre microbuckling [27] . Additionally, shear stress can also lead to fibre kinking and microbuckling [28] . Fig. 8 shows a schematic of a single fibre microbuckling. Because the carbon fibre is constrained by polymer within a lamina, the microbuckling is not only determined by the radius of fibre, but also the shear strength of matrix. A microbuckling term should therefore be added to the compressive strain on concave side of the fibre [29] : is the compressive strength of lamina, r is the radius of carbon fibre; 0 λ is the half wavelength of microbuckling wave; m γ is the shear strain of matrix at failure point, for many epoxy matrices, it is in the order of 5% to 7% [30] . In terms of statistics, the value of microbuckling half wavelength 0 λ is typically 10-15 times of fibre diameter r 2 [5, 27, 28, 31, 32] . Substituting the compressive strength ε can be evaluated, as shown in Table 4 . In Table 4 , the fibre compressive strain c f ε shows a much higher value than the laminate compressive strain ( ) max 1 c ε when the microbuckling terms is introduced, and both the laminate and fibre compressive strains are amplified by the λ value. In the case of λ=0.9, the maximum fibre compressive strain is about 10% higher than that of equal compressive/tensile moduli. Additionally, the half wavelength 0 λ of microbuckling also shows a significant effect on the fibre compressive strain. As a consequence, the fibres on the top surface tend to break rapidly once they are unstable.
The unequal compressive/tensile moduli have increased the risk of fibre microbuckling, which leads to a prediction that the unidirectional laminate fail by fibre microbuckling in 3-point bending test. A recent microscope image study of bending test has revealed this phenomenon [4] . Fig. 9 clearly shows the fibre kinking within a unidirectional laminate (HTS-12K/977-2). The top section of the fracture surface of unidirectional laminate was smoother inferring a fracture by shear due to microbuckling and delamination followed by the crack penetrating through the whole compressive section. Then the tensile section endured the total flexure load and finally broke rapidly by tension and fibre pull-out resulting in a rougher surface on the bottom side. With a lower compressive modulus, the failure mode is strain dominated. As a consequence, the apparent flexural strength of the unidirectional laminate is equal to the compressive strength. In fact, the apparent flexural strength ( ( ) ) [18] .
Conclusions
This paper, for the first time, systematically investigates the effects of unequal compressive/tensile moduli of composites. In terms of statistics, the ratios of compressive to tensile moduli of CFRP composites show an average of 0.9 with small coefficient of variation, and the compressive failure is strain dominated. The present study has successfully applied the terms of unequal compressive/tensile moduli to the failure criterion (Tsai-Wu), and predicted the failure envelops in strain space. It has been demonstrated that the λ value has no effect on the omni envelops in the first quadrant, however obvious enlargement can be found in the second and the third quadrants.
This study has proposed modified CBT and CLT methods for investigating the flexural properties of unidirectional and multi-directional laminates respectively. It has been shown that the maximum compressive strain presents about 5% higher than the maximum tensile strain when composite laminates are subjected to bending, and the neutral plane has a quarter to a half ply-thickness offset to the tensile side. These effects are more obvious in thicker laminate. Therefore, strain dominated failure criteria could generally provide more accurate prediction of composites than stress dominated failure criteria, particularly for the thicker composite laminates.
Study of unequal moduli could give a better understanding of the failure mechanisms of composites. Failure in the unidirectional laminate is initiated by the compressive strain in bending by the fibre microbuckling. The terms of unequal moduli have increased the risk of fibre microbuckling significantly. The study of microscope image has revealed the fibre kinking within a unidirectional laminate in bending.
In summary, this paper proposes that strain dominated failure criteria should be used for composites design, testing and certificate, considering the lower compressive modulus of CFRP composites. 
If it is assumed that the specimen is long enough to neglect the out-of-plane strain, the longitudinal strain tensor is determined by: A new parameter λ is introduced to identify the ratio of compressive modulus to tensile modulus: 
